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Abstract
We present a framework to systematically study the

duality properties of scatterers. The duality properties of a
scatterer are related to the polarization change that a
particle excerpts on a light beam. Our formalism can be
applied to any geometry and material, but we develop it in
the context of spherical scatterers. Due to their symmetries,
we can formulate the problem semi-analytically using the
Generalized Lorenz-Mie Theory.

1 Introduction
The Generalized Lorenz-Mie Theory (GLMT) has

proved to be very useful to study a myriad of
electromagnetic (EM) problems [1]. However, its
formulation in terms of scalar potentials usually blurs the
symmetries of the systems. Here, not only we exploit those
symmetries but also introduce a symmetry that usually
has been overlooked in scattering problems: EM duality
symmetry. Duality symmetry compares the behaviour of
electric and magnetic fields on an arbitrary medium [2].
Due to the lack of magnetic monopoles in nature, this
symmetry is intrinsically broken for any medium different
from vacuum [2]. However, as it was proven in [3], this
symmetry can be restored in an isotropic medium when
the ratio between the electric and magnetic constants is
constant, i.e.( ) ( )⁄ = . (1)

We will denote a system that fulfils Eq. (1) as ``dual".
Dual media are interesting, among many other things,
because they can be used to make perfect light rotators [4]
or to preserve the polarization of the EM field upon
interaction [3,4,5]. In fact, in order to derive these last two
results, it is important to link duality symmetry to the
helicity of light. It can be proven that a medium is dual
when it preserves the helicity content of any arbitrary light
beam [3]. The link between duality symmetry and helicity
in vacuum was done by Calkin in 1965 and Zwanziger in
1968 [6,7]. But it was not until very recently that helicity
has been used to study light-matter interactions [3,8]. The
helicity of light is defined as the projection of the angular
momentum (AM) on the direction of linear momentum.
Using operators: Λ = J · P / |P| [8]. Here, it will be shown
that this last definition is very useful for practical
applications and suitable for theoretical predictions. In
addition, we will see that highly non-dual materials such

as TiO2 can behave as dual for some resonant wavelengths.
Finally, we will show that our formalism is applicable to
any geometry.

2 Multipolar fields with a well-defined helicity
To study the dual behaviour of a scatterer, it will be

useful to probe it using beams that are eigenvectors of the
helicity operator Λ. These beams can be constructed as
superpositions of plane waves, where each of the plane
waves is an eigenvector of Λ. A plane wave u is an
eigenvector of Λ when it can be expressed as u = ep e(ik·r),
where ep = ( s + pp ) / √2, where s and p are two orthogonal
linear polarizations [8,9]. It can be proven that Λ[u] = pu,
where the values of p have been restricted to p=-1,1. Then,
if u is an eigenstate of Λ, we will say that it has a well-
defined helicity. If a convenient superposition of plane
waves is carried out, the multipolar fields are obtained
[10]. The multipolar fields are widely used in different
fields such as astrophysics, nuclear physics or optics. Their
definition varies a little bit depending on the field, but in
essence they can be defined as EM modes which are
invariant under the Hamiltonian, the angular momentum
(AM) squared J2, a projection of the AM along the z axis Jz,
and parity Π [11]:[ ] = ( + 1) (2)[ ] = (3)Π[ ] = − (4)Π[ ] = − (5)

where = , ( ) depending on the parity of the
multipolar field. However, a new set of multipolar fields
can be obtained if the two multipolar modes with different
parity are added or subtracted.  We will denote these as
multipolar modes with a well-defined helicity, as it can be
proven that they are eigenstates of the helicity operator Λ
[12]:[ ] = ( + 1) (2)[ ] = (3)Λ[ ] = (4)

where = ± 1 are the two possible values of helicity

3 Helicity preservation in scattering
The Generalized Lorenz-Mie problem is typically

solved in the multipolar basis. That is, all the fields are
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decomposed in the multipolar basis and then the
boundary conditions are used to match the different fields
on the surface of the sphere [1,13]. Another possibility is to
use the multipoles with a well-defined helicity as a basis.
Then, all the fields in the problem have to be decomposed
as a superposition of , [12]. This choice of basis
has been overlooked in the literature. Notwithstanding, its
choice has enabled us to demonstrate different effects in a
very straightforward manner [5,12]. First, we give the
analytical expression of the three electric fields in the
problem in this basis, where the incident field is supposed
to have a well-defined helicity:= ∑ , (5)= ∑ √ + √, (6)= ∑ √ + √, (7)

Then, the energy per unit length associated to each of
the fields can be computed as:= | | + | | Ω (8)

In particular, the scattered energy is [5]:= ∑ 	 + (9)

Now, it can be proven that the scattered energy can be
divided into two orthogonal components. One of them
( ) has the same helicity value as the incident beam. This
is what we call the `direct’ component. The other one ( )
has the opposite value of helicity, and we denote it as
`crossed’ component. Thanks to this decomposition in its
two orthogonal components, a transfer function can be
defined, and the duality properties of the scatterer can be
studied. We will study these properties with the transfer
function [5]:

= = ∑ 	∑ 	 (10)

is the ratio between the scattered light going into the
crossed component and the direct one. Thus, varies
from 0 to infinity. When tends to zero, it means that the
light in the crossed helicity component is zero, which
means that the particle is dual, as the helicity is preserved.
On the other hand, when tends to infinity, it means that
no light is being scattered in the direct component, which
means that the particle is behaving as anti-dual. These two
regimes can be used to generalize the so-called Kerker
conditions [12]. Moreover, due to the fact that GLMT is
analytical, the transfer function can be computed for
different combinations of , , that make the particle
behave as dual, where is the wavelength, the radius of
the sphere and the relative index of refraction [5]. For
example, in Fig.(1) we can observe that once the

wavelength of our laser is fixed at 633nm, a sphere can
behave as dual for many resonant combinations of , .

Figure 1 Plot of 	( ) as a function of and .
Finally, can be generalized when the scatterer is not a

sphere. Thus, our method of analysing the duality
properties of scatterers remains valid independently of the
geometry of the scatterer and the material it is made of.
The generalization is done as:= ‖ − ‖‖ + ‖
4 Conclusions

A new method to study scattering interactions has been
presented. The method uses analytical techniques to study
the duality behaviour of scatterers. Even though the
method is shown for spheres, it can be applied to scatterers
of arbitrary shape. The results have implications in the
field of optical activity, metamaterials and nanophotonics
[4,5,12,14].
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